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1. Introduction

We begin by fixing notation and recalling foundational definitions that will be used throughout this paper. Unless otherwise specified, all
graphs are assumed to be finite. For more extensive treatments, see the referenced works.

1.1. Hypergraphs and SuperHyperGraphs

Graph theory is the mathematical study of networks of vertices and edges representing relationships or connections [1-3]. A hypergraph
extends the notion of a graph by permitting each hyperedge to join any nonempty subset of vertices at once [4—7]. Hypergraphs have been
applied in a wide range of domains, and various mathematical properties and graph algorithms have been developed to analyze them [8—11].
A SuperHyperGraph further builds a hierarchy by iterating the powerset construction, thus capturing nested, multi-scale relationships among
vertices and edges [12-18].

Definition 1.1 (Base set). Let V| be a finite set, called the base set. All subsequent vertex and edge collections are drawn from Vy or its
iterated powersets.

Definition 1.2 (Powerset). For any set X, its powerset is

P(X) = {A:ACX).
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Definition 1.3 (Hypergraph). [4, 6] A hypergraph is a pair H = (V,E) where

* V is a finite set of vertices, and
o EC P(V)\{0} is a finite collection of nonempty subsets of V, called hyperedges.

Example 1.4 (Urban Bus Network Hypergraph). Consider a small downtown bus system with four major stops:
V = {Central, Museum, CityHall, Airport}.
The bus routes serve these stops as follows:
e1 = {Central, Museum, CityHall},
ey = {Central, CityHall, Airport},
e3 = {Museum, CityHall, Airport}.
Then the hypergraph
H= (V7 E), E={ej, e, e3},
models the overlapping coverage of the three bus routes in the urban core.
Definition 1.5 (Iterated powerset). [19-21] Define recursively for k > 0:
PWV) =Vo, P V) = 2(P*W)).
We write 2, (Vy) for 2"(Vy) and denote by P (Vy) its collection of nonempty subsets.
Example 1.6 (Iterated powerset for the Tokaido Shinkansen). Let the base set of key stations on the Tokaido Shinkansen be
Vo = {Tokyo, Nagoya, Kyoto, Shin-Osaka}.
Then the first iterated powerset
2' (Vo) = 2 (Vo)
is the collection of all nonempty station subsets, for example
{Tokyo}, {Nagoya,Kyoto}, {Tokyo,Shin-Osaka},

Here, {Nagoya,Kyoto} might represent a service stopping only at Nagoya and Kyoto.
Next, the second iterated powerset

P*(Vo) = 2(2(V))
consists of all nonempty collections of these station-sets. For instance,

{{Tokyo,Nagoya}, {Kyoto, Shin-Osaka}} € P2 (Vo),
which can be interpreted as grouping two distinct service patterns: one linking Tokyo—Nagoya and another linking Kyoto—Shin-Osaka.
Definition 1.7 (n—SuperHyperGraph). [22, 23] An n—SuperHyperGraph is a pair

SuHyG" = (V,E), V,EC 2"(W),
where each element of V is called an n—supervertex and each element of E an n—superedge.
Example 1.8 (River Network 2-SuperHyperGraph of the Amazon Basin). Let the base set of river confluences be

Vo = {RioNegro, Madeira, Solimdes, Amazonas}.
In the underlying River Network HyperGraph, we have the hyperedges

erna = {RioNegro, Amazonas},

epan = {Madeira, Amazonas},

esaa = {Solimdes, Amazonas},

eMain = {RioNegro, Madeira, Solimdes, Amazonas}.
Typical mean annual discharges (in m%s) and channel lengths (in km) are

O(erna) = 2.83 X 10*, £(egna) = 2430,

Oepan) =3.15x10%  (epan) = 3200,

@lesan) = 1.60 x 10%, £(esaq) = 1600,

@ (enain) = 2.83 x 10* 4+3.15 x 10* +1.60 x 10* = 7.58 x 10*,  #(epain) = max{2430,3200, 1600} = 3200.
For n =2, the 2-SuperHyperGraph is

Vo= 22(Vp),  Ex={2P(e)\{0} | e € {erna,emm. esan- eMain} }

with propagated labelings
oD (2(e)\{0}) = p(e), (D (P2(e)\{0}) = L(e).

Two representative superedges are:
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e Tributary superedge at Rio Negro:

P(egna) \ {0} = {{RioNegro}, {Amazonas}, {RioNegro, Amazonas} },

carrying @ =2.83 x 10* m? /s and 02 = 2430 km.
* Main-stem superedge of the basin:

P (eMain) \ {0} = {{RioNegro}, {Madeira}, {Solimdes},{ Amazonas},...,

{RioNegro, Madeira, Solimdes, Amazonas} },
carrying 92 =7.58 x 10* m3 /s and (?) = 3200 km.

Example 1.9 (Urban Road Network 2-SuperHyperGraph of the Times—Herald—Union Triangle). We model three major intersections in
Midtown Manhattan as the Transportation Network Graph

G=(V,E, 1,4, k),
with
V = {TimesSq, HeraldSq, UnionSq},
E = {(TimesSq, HeraldSq), (HeraldSq, UnionSq), (TimesSq, UnionSq)},
where each road is bidirectional. Typical parameters on each undirected link are:
7(TimesSq, HeraldSq) = 2 min, ¢(TimesSq,HeraldSq) = 0.4 km, x(TimesSq,HeraldSq) = 1000 veh/h,
7(HeraldSq, UnionSq) = 3 min, {(HeraldSq,UnionSq) = 0.6 km, k(HeraldSq, UnionSq) = 800 veh/h,
7(TimesSq, UnionSq) = 5 min, ¢(TimesSq,UnionSq) = 0.9 km, Kk (TimesSq, UnionSq) = 1200 veh/h.
Its Transportation Network HyperGraph has hyperedges
& = {{TimesSq, HeraldSq}, {HeraldSq, UnionSq}, {TimesSq, UnionSq}, {TimesSq, HeraldSq, UnionSq} },

where the last set is the junction hyperedge at Herald Square (all three roads meet).
For n =2, the 2-SuperHyperGraph is

Vo=22(V), Erx={2()\{0} | ec &},
with weight-functions inherited from level 1:

@ (2(e)\{0}) =tu(e), (D (P()\{0}) =tule), &P (2(e)\{0}) = kue).

Two illustrative level-2 superedges are:
(a) Binary connection at Times—Herald:

2 ({TimesSq, HeraldSq}) \ {0} = {{TimesSq}, {HeraldSq}, {TimesSq, HeraldSq} },

carrying 72 =2 min, (@ =04 km, «) = 1000 veh/h.
(b) Junction at HeraldSq:

2 ({TimesSq, HeraldSq, UnionSq}) \ {0} = {{TimesSq}, {HeraldSq},{UnionSq},
{TimesSq, HeraldSq}, { TimesSq, UnionSq}, {HeraldSq, UnionSq},
{TimesSq, HeraldSq, UnionSq}},

with T2 = max{2,3,5} = 5 min, £2) = max{0.4,0.6,0.9} = 0.9 km, k> = 1000+ 800+ 1200 = 3000 veh/h.

2. River Network Graph and Their Extensions

River networks are interconnected branching systems of channels and streams that transport water and sediments across drainage basin
landscapes continuously (cf.[24-27]). A River Network Graph is a graph that represents rivers and their tributary connections as vertices and
edges, used in flow simulations and watershed management (cf.[28-30]). We extend this concept using hypergraphs and superhypergraphs.

Definition 2.1 (River Network Graph). A River Network Graph is a directed acyclic graph
G = (V7E7q)7€)7
equipped with
* a finite set of nodes V, whose elements are

— sources (head-water confluences or springs),
— junctions (confluence of two or more upstream channels), and
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— sinks (river mouth or gauging station).

e a set of directed edges E C 'V XV, where (u,v) € E if and only if there is a river channel carrying flow from node u downstream to
node v. The requirement that G is acyclic (no directed cycles) encodes the fact that water cannot flow uphill back into an upstream
channel.

* a function ¢ : E — R~ assigning each edge e = (u,v) a stream discharge capacity @(e) (e.g. mean annual flow).
* afunction { : E — R~ assigning each edge e its channel length £(e).

We may represent G by its adjacency matrix A € {0, 1}V*IV1 itk

1, (u,v)€E,
Aw_{ (1,v)

0, otherwise,

and by weighted matrices ®,A € RV with @, = @(u,v) and Auy = €(u,v).
Example 2.2 (River Network Graph of the Mississippi—Ohio System). Consider the major confluences in the Mississippi—Ohio watershed
(cf.[31-33]). We model this as the directed acyclic graph
G=(V,E,p,0),
where
V = {Allegheny Source (Lake Pleasant, NY),
Monongahela Source (Fairmont, WV),
Mississippi Source (Lake Itasca, MN),
Pittsburgh (Allegheny + Monongahela),
Cairo (Ohio + Mississippi),
Gulf Mouth (Gulf of Mexico) },
E = {(Allegheny Source, Pittsburgh), (Monongahela Source, Pittsburgh),
(Pittsburgh, Cairo), (Mississippi Source, Cairo), (Cairo, Gulf Mouth) }.

Stream discharge capacities (mean annual flow, in m%s) and channel lengths (in km) are recorded by

560, e = (Allegheny Source, Pittsburgh),

340, e = (Monongahela Source, Pittsburgh),
¢o(e) =1 7970, e = (Pittsburgh, Cairo),

16790, e = (Mississippi Source,Cairo),

17100, e = (Cairo, Gulf Mouth),

981, e=(
499, e = (Monongahela Source, Pittsburgh),
L(e) = § 1579, e = (Pittsburgh, Cairo),
e=(
e

Allegheny Source, Pittsburgh),

3766,
1045,

Mississippi Source, Cairo),
= (Cairo, Gulf Mouth).

Definition 2.3 (River Network HyperGraph). Let G = (V,E, ®,{) be a River Network Graph. We define its River Network HyperGraph
H = (V7 @07 OH, eH)
as follows:

e The vertex set of H is the same as that of G: V(H) =V.
o The hyperedge set & consists of two types of nonempty subsets of V :

1. For each directed channel (u,v) € E in G, include the binary hyperedge
euy ={u,v}.
2. For each junction node j € V with at least two immediate upstream neighbors,
Uj ={uecV:(uj ek}, |Uj]>2,
include the junction hyperedge
e;=U; U{j}.
e The capacity-labeling Qp : & — R~ is given by
¢(u,v), e={u,v},
or(e) =
Yueu, 9(u,j), e=ej,

i.e. binary edges inherit the channel capacity, and junction hyperedges aggregate upstream capacities.
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¢ The length-labeling {y : & — R~ is given by

(u,v), e={u,v},

maquUjE(umj)v €:€j,

lu(e) =

i.e. junction hyperedges carry the maximum upstream reach length.

Example 2.4 (River Network HyperGraph of the Mississippi—Ohio System). We model the key confluences in the Mississippi—Ohio
watershed as the hypergraph

H= (V. &, ou, ln),
where

V= {Allegheny Source, Monongahela Source, Mississippi Source,
Pittsburgh, Cairo, GulfMouth}7

&= {{Allegheny Source, Pittsburgh}, {Monongahela Source, Pittsburgh},
{Pittsburgh, Cairo}, {Mississippi Source,Cairo},
{Allegheny Source, Monongahela Source, Pittsburgh},
{Pittsburgh, Mississippi Source, Cairo} }.

The capacity-labeling @y : & — R is

560, e = {Allegheny Source, Pittsburgh},
340, e = {Monongahela Source, Pittsburgh},
7970, e = {Pittsburgh, Cairo},
9r(e) = 16790, e = {Mississippi Source, Cairo},
560 4340, e = {Allegheny Source, Monongahela Source, Pittsburgh},
7970+ 16790, e = {Pittsburgh, Mississippi Source,Cairo}.

The length-labeling ly : & — R~ is

981, e = {Allegheny Source, Pittsburgh},
499, e = {Monongahela Source, Pittsburgh},
th(e) = 1579, e = {Pittsburgh, Cairo},
3766, e = {Mississippi Source, Cairo},
max{981,499}, e = {Allegheny Source, Monongahela Source, Pittsburgh},
max{1579,3766}, e = {Pittsburgh,Mississippi Source,Cairo}.

Theorem 2.5. For any River Network Graph G = (V,E, @,{), the structure H of the Definition is a hypergraph that generalizes G:

1. H satisfies the hypergraph axioms (each hyperedge is a nonempty subset of V).
2. The 2-section (or clique-expansion) of H recovers the undirected version of G: every (u,v) € E appears as an edge in the graph whose
edges are all unordered pairs contained in some e € &.

Proof. We verify each claim in turn.

(1) Hypergraph axioms. By construction, each binary hyperedge e, ,, = {u, v} is nonempty since (u,v) € E implies u # v. Each junction
hyperedge

e;=U;U {j}
is nonempty because |U;| > 2 by hypothesis, and j ¢ U; by acyclicity of G. Hence & C &2(V) \ {0}, so H is a hypergraph.
(2) Generalization via 2-section. Define the 2-section (or clique-expansion) graph T'(H) = (V,E’) by

E' = {{x,y} CV]3eed, {x,y} C e}.

* Every original channel (u,v) € E yields the binary hyperedge e, y, so {u,v} C e,.,. Hence {u,v} € E’.

* Conversely, if {u,v} € E’, then there exists some hyperedge e with {u,v} C e. If e = e, is binary, then (x,y) € E and {u,v} = {x,y}.
If e = ¢; is a junction hyperedge, then u,v € U; U {;}. In this case at least one of {u,v} is of the form {¢/, j} with (/, j) € E, so the
directed edge (¢, j) € E implies {«/, j} € E’. Thus every pair in E’ corresponds to some original channel in E.

Therefore I'(H) is exactly the (undirected) edge-set of G. This shows that H indeed generalizes G via clique-expansion. O



24 Interdisciplinary Studies on Applied Science, 2(1):19-31, 2025. DOI: 10.58613/isas214

Definition 2.6 (River Network n-SuperHyperGraph). Let G = (V,E, ¢,{) be a River Network Graph and let
& ={e CV :eisahyperedge of the River Network HyperGraph of G}
be its hyperedge family. For any integer n > 1, the River Network n-SuperHyperGraph is
RNHG" = (Vi, En, @™, ¢™),
where for eachk=1,... n:
Vi = 25V), B = {2 Ye)|ecs} € 2(Vp)\ {0},
and the capacity- and length-labelings are propagated by
oW (25 (e)) = 9le), (W (2F (o)) = Le).

Example 2.7 (River Network 2-SuperHyperGraph of the Mississippi—Ohio System). Let G = (V,E,¢,() and & be as in Example 3.2. For
n =2, the River Network 2-SuperHyperGraph is

Vo= 22(V),  Ex={2(e)\{0} | cc &),
with labelings
0@ (2()\ {0}) = p(e), (D (2(e)\{0}) = t(e).

We illustrate two representative superedges:

(a) Binary channel at Pittsburgh:
For the channel hyperedge

eap = {Allegheny Source, Pittsburgh},
its level-2 superedge is

2 (eap) \ {0} = {{Allegheny Source}, {Pittsburgh}, {Allegheny Source, Pittsburgh} }.
This inherits capacity and length

97 (P (ear) \{0}) = @(eap) =560, €7 (P(eap) \{0}) = Lleap) = 981.

(b) Junction at Pittsburgh:
For the junction hyperedge

ep = {Allegheny Source, Monongahela Source, Pittsburgh},
its level-2 superedge is

2(ep) \ {0} = {{Allegheny Source}, {Monongahela Source}, {Pittsburgh},
{Allegheny Source, Monongahela Source}, { Allegheny Source, Pittsburgh},
{Monongahela Source, Pittsburgh}, { Allegheny Source, Monongahela Source, Pittsburgh} }.

This superedge carries
@D (P(ep)\ {0}) = @(ep) = 5604340 =900, (P (P(ep)\ {0}) = max{981,499} = 981.

Theorem 2.8. For each n > 1, RNHG™ is an n-SuperHyperGraph and generalizes the River Network HyperGraph in the sense that
RNHG = (vi,Ep,01) (V) = (v,£,0,0).

Proof. We verify both claims:

(i) n-SuperHyperGraph structure. By construction,
Vo=2"(V) and E, C 2(V,)\{0},

so RNHG™ exactly matches the definition of an n-SuperHyperGraph.

(ii) Generalization of the HyperGraph. When n = 1, note that 2°(e) = ¢ for each hyperedge e € &. Hence
Vi=2'\(V)=2(V), E={P)|ccb}=6,

and the labelings satisty (1) (e) = @(e), £(1)(e) = £(e). Thus RNHG) = (v, E;, 1) (1)) coincides exactly with the River Network
HyperGraph (V,&, ¢,¢). This shows that for arbitrary n > 1, the construction extends and indeed generalizes the level-1 hypergraph to a
fully hierarchical, n-layer superhypergraph. O
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3. Transportation Network Graph and Their Extensions

Transportation networks represent intersections (nodes) and road or rail links (edges) to optimize travel connectivity (cf.[34-37]). A
Transportation Network Graph is a graph in which vertices represent intersections and edges represent road segments, widely applied in
shortest-path computation, traffic congestion analysis, and urban planning (cf.[38—40]). We extend this concept using hypergraphs and
superhypergraphs.

Definition 3.1 (Transportation Network Graph). A Transportation Network Graph is a weighted directed graph
G=(V.E, 1, L k),
equipped with

* a finite set of nodes V, each representing a junction, intersection, station, or terminal;

* a set of directed edges E CV x V, where (u,v) € E if and only if there is a viable transportation link (road segment, rail line, airway
corridor, etc.) carrying traffic from node u to node v;

* atravel-time function 7: E — Rw, assigning each edge e = (u,v) its typical traversal time t(e);

a length (distance) function £: E — R+, assigning each edge e its physical length {(e);

* a capacity function k: E — R, assigning each edge e its maximum flow capacity k(e) (e.g. vehicles per hour).

We may represent G by its adjacency matrix A € {0, 1HVI*IVI yizh

1, (u,v)€E,
Aw_{ ()

0, otherwise,
and by weighted matrices T,\,k € RV ith

nw_{ﬁmﬂ7(mW€E7 mw_{dmw7(mW€E7 mw_{ﬂmﬂ7(mweﬂ

0, otherwise, 0, otherwise, 0, otherwise.

Example 3.2 (Transportation Network Graph of the 1-90 Corridor). We model the segment of Interstate 90 (I-90) in the northeastern United
States (cf.[41, 42]), connecting Boston, Worcester, Springfield, and Albany, as the directed graph

G=(V.E, 1, k),
where
V = {Boston, Worcester, Springfield, Albany},

E = {(Boston, Worcester), (Worcester, Boston), (Worcester, Springfield),
(Springfield, Worcester), (Springfield, Albany), (Albany, Springfield) }.

Typical travel times (in hours), distances (in kilometers), and capacities (vehicles per hour) are specified by

1.25, e = (Boston, Worcester), 113, e = (Boston, Worcester),
1.25, e = (Worcester, Boston), 113, e = (Worcester, Boston),
o) = 1.00, e = (Worcester, Springfield), fe) = 88, e = (Worcester, Springfield),
1.00, e = (Springfield, Worcester), 88, e = (Springfield, Worcester),
1.50, e = (Springfield, Albany), 137, e = (Springfield, Albany),
1.50, e = (Albany, Springfield), 137, e = (Albany, Springfield),
2000, e = (Boston, Worcester),
2000, e = (Worcester, Boston),
K(e) = 1800, e = (Worcester, Springfield),
1800, e = (Springfield, Worcester),
1500, e = (Springfield, Albany),
1500, e = (Albany, Springfield).

Definition 3.3 (Transportation Network HyperGraph). Let G = (V,E,1,{,K) be a Transportation Network Graph. Its Transportation
Network HyperGraph is

H = (V7 ga TH, €H7 KH)>
where
& = {{uv}:(u,v)EE}U

{({3U{j: (i, ) €E}:|{j: (i, j) e E}| =2} U
{{iyul): (i) €E}: [{j: (i) € E}| > 2}
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Each hyperedge e € & is assigned

T(u7v)’ e: {u7v}7
. 0 (i >
Th(e) = (gj)rlel?fjef(”)’ e={i}u{j:(i,j) €E, | |>2},
max  t(j,i), e={i}U{j:(j,i)€E, | [=2},
(JJ)EE, jee
(u,v), e={u,v},
EH(K) = (h])rgngeeg(l/j)’ e= {Z}U{] : (17]) €E, | : ‘ > 2}7
max  £(j,i), e={i}U{j:(j,i)€E, | [=2},
(JJ)EE, jee
K(u,v), e={u,v},
k(i,j), e={itu{j:(@.j)€E,|-|=2},
ke (e) = (iﬁj)EzE:, jee
Y, k(i) e={}u{j:(ji)€E, |-|=2}.
(JJ)EE, jee

Example 3.4 (Transportation Network HyperGraph of the I-90 Corridor). Let G = (V,E,7,{, k) be the I-90 segment graph from Example
4.2. The corresponding Transportation Network HyperGraph

H=(V, &, t, ty, k)
is given by
V = {Boston, Worcester, Springfield, Albany},
& = {{Boston, Worcester}, { Worcester, Springfield}, {Springfield, Albany},
{Worcester, Boston, Springfield}, {Springfield, Worcester, Albany} }.

The first three are binary hyperedges corresponding to directed links in E, and the last two are junction hyperedges at nodes with two
outgoing roads.
The travel-time labeling Ty is

1.25, e = {Boston, Worcester },
1.00, e = {Worcester, Springfield},
T (e) = < 1.50, e = {Springfield, Albany},

max{1.25,1.00} = 1.25, e = {Worcester, Boston, Springfield},
max{1.00, 1.50} = 1.50, e = {Springfield, Worcester, Albany}.

The distance labeling {y is

113, e = {Boston, Worcester},
88, e = {Worcester, Springfield},
ly(e) =< 137, e = {Springfield, Albany},

max{113, 88} =113, e = {Worcester, Boston, Springfield},
max{88, 137} = 137, e = {Springfield, Worcester, Albany}.

The capacity labeling Ky is

2000, e = {Boston, Worcester},
1800, e = {Worcester, Springfield},
kg (e) = < 1500, e = {Springfield, Albany},

2000+ 1800 = 3800, e = {Worcester, Boston, Springfield},
1800+ 1500 = 3300, e = {Springfield, Worcester, Albany }.

Theorem 3.5. The structure H = (V, &, Ty, Ly, Ki) of Definition 3.3 is a hypergraph that generalizes the Transportation Network Graph G
in the sense that its 2-section recovers the undirected version of G.

Proof. First, each e € & is by construction a nonempty subset of V, so H is a hypergraph.
Next, form the 2-section (clique-expansion) graph I'(H) = (V,E’) with

E'={{xy} CV:3e€ &, {x,y} Ce}.

—1If (u,v) € E, then {u,v} € &, so {u,v} €E'.

— Conversely, if {u,v} € E’, then some e € & contains {u,v}. If e = {u,v} arises from a graph edge, we recover (u,v) € E (or (v,u)). If e is
a junction hyperedge at node i, then {u,v} C {i} UN(i), so at least one of {u,v} corresponds to an original directed link into or out of i.
Hence every pair in E’ arises from some (x,y) € E.

Therefore I'(H) coincides with the underlying undirected graph of G, proving that H indeed generalizes G. O
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Definition 3.6 (Transportation Network n-SuperHyperGraph). Let G = (V,E, 1,4, k) be a Transportation Network Graph and let
& = {e C V :eis a hyperedge of the Transportation Network HyperGraph ofG}.
For any integer n > 1, the Transportation Network n-SuperHyperGraph is the tuple
TNHG® — (Vm E,, ‘C("), g(")’ K(")),
where:
Vo = PV), E, = {W-' (e) ‘ e g} C P(Vy)\ {0},
and the weight-functions on each hyperedge 2"~ (e) € E, are propagated from the level-1 HyperGraph by
(2" e) = tule), (M (2" e) = tule), & (2" (e)) = Kkule),
where (ty, 0y, Ky ) are the weight-functions of the Transportation Network HyperGraph.
Example 3.7 (Transportation Network 2-SuperHyperGraph of the I-90 Corridor). Let G = (V,E, 1,4, K) be the I-90 segment graph and let
&={{uv}:(wyv)eE} U {idu{j: (ij) € E:]-[ =22} U {{i}u{j: (G,i) € E:|-[ = 2}}
be its hyperedge family (as in Example 4.5). For n = 2, the Transportation Network 2-SuperHyperGraph is
H=22V),  E={2@\(0)|ccs),
with weight-functions
2 (2(\(0}) = tu(e), (P (P(e)\{0}) =tule), &P (P(e)\{0}) = kue).

We highlight two representative superedges:

(a) Binary link between Boston and Worcester:
For the hyperedge

epw = {Boston, Worcester},
its level-2 superedge is

P(egw)\ {0} = {{Boston}, {Worcester}, {Boston, Worcester} }.
This inherits

(P (epw )\ {0}) = g (enw) = 1.25, (@ () =113, «®(-)=2000.

(b) Junction at Worcester:
For the junction hyperedge

ey = {Boston, Worcester, Springfield},
its level-2 superedge is

P(ew)\ {0} = {{Boston}, {Worcester}, {Springfield},
{Boston, Worcester}, { Boston, Springfield}, { Worcester, Springfield},
{Boston, Worcester, Springfield} }.

This superedge carries
2 (P (ew)\ {0}) = t5 (ew) = max{1.25,1.00} = 1.25,

(@) =ty (ew) =max{113,88} = 113, () = kg (ew) = 2000+ 1800 = 3800.

Example 3.8 (Transportation Network 2-SuperHyperGraph of the Amtrak Northeast Corridor). Let G = (V,E, 1,{, x) model the Amtrak
Northeast Corridor with

V = {Washington, Philadelphia, New York, Boston, Albany},

E = {(Washington, Philadelphia), (Philadelphia, NewYork), (New York, Boston), (New York, Albany)}.

Typical parameters are

1.5, e = (Washington, Philadelphia),
1.25, e = (Philadelphia,NewYork),
e=(
e=(

o(e) = -

4.00, New York, Boston),
2.50, New York, Albany),
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225, e = (Washington, Philadelphia),
t(e) = 150, e = (Philadelphia, NewYork),

338, e = (NewYork,Boston),

260, e = (NewYork,Albany),

20, e = (Washington, Philadelphia),
K(e) = 25, e = (Philadelphia, NewYork),

15, e = (NewYork,Boston),

10, e = (NewYork, Albany).

The hyperedge set for G is
& = {{Washington, Philadelphia}, {Philadelphia, NewYork},
{NewYork, Boston}, {New York, Albany }, {New York, Boston, Albany} } .
For n =2, the 2-SuperHyperGraph is
Vy=22(V),
Ey={Z(e)\{0} |e€ &},
with weight-functions propagated by
@ (2(e)\{0}) =7 (e),

((2(e)\{0}) = tu(e),
k2 (2(e)\ {0}) = xu(e).
Two illustrative superedges are:

* For eppyy = {Philadelphia, New York},
P(eppny) \ {0} = {{Philadelphia}, {NewYork}, {Philadelphia, New York}},

carrying @ =125, (@ =150, k@ =25.
* For the junction ey = {NewYork, Boston, Albany},

P(eny)\ {0} = {{NewYork},{Boston},{Albany},...,{NewYork, Boston, Albany}},
carrying T2 = max{4.00,2.50} = 4.00, £(2) = max{338,260} = 338, k(%) = 15+ 10 = 25.

Theorem 3.9. For each integer n > 1, TNHG™ is an n-SuperHyperGraph, and it generalizes the Transportation Network HyperGraph in
the sense that

TNHG = (v, &, 14, lu, kn).
Proof. (i) n-SuperHyperGraph structure: By construction,
Vo= 2"(V) and E,C 2(Vy)\{0}.

Thus TNHG™ = (Vi, En, AONION K‘(”>) satisfies the definition of an n-SuperHyperGraph.
(ii) Generalization of the HyperGraph: When n = 1, note that 229(¢) = e for each e € &. Hence

Vi= 2 V)= 2V), B ={2%e)|ec ) =6,

and (1 (e) = 1 (e), {1 () =ty (e), KV (e) = K (e). There is a natural bijection 1 : V — {{v} : v € V} C V}, identifying each original
node with its singleton. Under this identification, the level-1 superhypergraph TNHG() = (V1,Eq, (1) M), K(l)) is isomorphic to the
Transportation Network HyperGraph (V, &, Ty, g, Kpr )-

Therefore, for all n > 1, the sequence of structures TNHG™ forms a hierarchy of valid n-SuperHyperGraphs that at n = 1 recover and thus
generalize the level-1 Transportation Network HyperGraph. O

4. Conclusion and Future Work

In this work, we have generalized traditional river and transportation network graphs into the hypergraph and superhypergraph realms by
defining two novel structures—River Network HyperGraph and Transportation Network HyperGraph—and their hierarchical extensions, the
River Network SuperHyperGraph and Transportation Network SuperHyperGraph.

Looking ahead, we plan to enrich these models by incorporating uncertainty frameworks such as Fuzzy Sets [43—45], Intuitionistic Fuzzy
Sets [46, 47], HyperFuzzy Sets [48-50], Vague sets [51, 52], Hesitant Fuzzy Sets [53, 54], Picture Fuzzy Sets [55-58], Neutrosophic Sets
[59, 60], and Plithogenic Sets [61, 62]. We also hope that further progress will be made in computational experiments and algorithmic
investigations.
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